arXiv: 1503.05207v2 [math.AG] 3 Jul 2016 


THE HASSE PRINCIPLE FOR BILINEAR SYMMETRIC FORMS OVER A 
RING OF INTEGERS OF A GLOBAL FUNCTION FIELD 

RONY A. BITAN 


Abstract. Let C be a smooth projective curve defined over the finite field {q is odd) and let 
K = Fq(C') be its function field. Removing one dosed point = C — { 00 } results in an integral 
domain O{oo} = of K, over which we consider a non-degenerate bilinear and symmetric 

form / with orthogonal group We show that the set 0^(0,^) of -isomorphism classes 
in the genus of / of rank n > 2, is bijective as a pointed set to the abelian groups — 

Pic (C^^)/2, i.e. is an invariant of We then deduce that any such / of rank n > 2 admits the 
local-global Basse principal if and only if |Pic is odd. For rank 2 this principle holds if the 

integral closure of Oiao} in the splitting field of A" is a UFD. 


1. Introduction 

Let C be a smooth, projective, geometrically connected curve defined over the finite field Fg 
with q odd, and let K = Fg(C) be its function field. For any prime p of K, let Vp be the induced 
discrete valuation on K. We remove one closed point 00 from C, resulting in an affine curve 
and consider the following ring of {oo}-integers of K: 

O{oo} = :={aeK\ Vp{a) > 0 Vp / 00}. 

Throughout the paper, an integral form on V = Cljoo} t'efers to a bilinear and symmetric map 
f : V X V ^ C^{cxd}- It tvill be called unimodular if it is non-degenerate at any closed point 
of which is equivalent in this case to det(/) G . Two integral forms / and g on V are 
Oisomorphic if there exists Q € GL(V) such that f{u,v) = g{Qu,Qv) for all u,v gV. 

The standard approach to classifying bilinear forms over a global field such as K, basically relies 

on the Hasse-Minkowski principle which states that this classification, expressed by the first Galois 

cohomology set H^{K, Oy) where Oy stands for the orthogonal group of /, is equivalent to that 

obtained locally everywhere, namely, by (Ou)p) where Kp is the complete localization 

of A at a prime p and (Oy)p is the geometric fiber of Oy there. However, if one considers the 

classification of integral forms, then this local-global principle fails, leading to the notion of a genus 

of a form. In this paper, we aim to describe geometrically the violation of this principle. We 

express the classification of integral unimodular forms from the same genus via SO yl 

(Proposition [ 32 ]), where SO y is the special orthogonal group scheme of / defined over SpecOjoo}, 
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and then show that this set is bijective as a pointed set for ranks n > 2 to the abelian group 
/^ 2 )’ invariant of fProposition I4.4p . Furthermore, by proving that the 

Brauer group of the affine curve is trivial (Lemma [33]) , we conclude that ~ 

Pic {C^^)/2 ICorollarv 13.41) . 

This description leads us to assert the validity of the Basse principle for unimodular integral 
forms of rank n > 2 if and only if |Pic (C'®'^)| is odd. For n = 2, the Basse principle holds if the 
integral closure of 0{oo} the splitting field of the generic fiber of Oy is a UFD (TheoremjTSj) . This 
result can be considered as a generalization of Theorem 3.1 in [Gerlj in which the elementary case 
of 0{oo} = is treated (Example HTj) . Its proof was initially based on the reduction by Barder, 
of the unimodular theory over ¥q[t], to the theory of spaces over ¥q (see |Ger21 Theorem 7.13]). 

Acknowledgements: The author thanks B. Conrad, L. Gerstein, P. Gille and B. Kunyavskh 
for valuable discussions concerning the topics of the present article, and the anonymous referee for 
his instructive remarks. 


2. Classification over rings of integers 

The geometrically connected projective curve C remains geometrically connected after removing 
the closed point oo, resulting in In order to classify integral forms, we shall refer to the 

fundamental group 7ri(C'®'^, o) of w.r.t. some geometric base point a, as defined by Grothendieck 
in [SGAll V,§4 and §7]. Up to isomorphism, this group (as a topological group) does not depend on 
the choice of the base point (see [Mill Ch.I, Remark 5.1]). Therefore, where one is only concerned 
with the group-theoretic structure of 7ri(C'®'^, a), we may omit the base-point and write just 7ri(C''^^). 

For any prime p of K, let Op be the discrete valuation ring of K w.r.t. to Vp and let Kp be its 
fraction field. Let Kp be the completion of Kp and let Op be its ring of integers. Let kp = Op/p 
be the corresponding (finite) residue field. Let be the maximal unramified extension of Kp 
and let be its ring of integers. Given a smooth group scheme ^ defined over Spec Op, the 
set ffj^(Op,Gp) is bijective to the Galois cohomology set H^(Op,Op), while the Galois group taken 
under consideration is Gsi\{0^/Op) = Gal(A:p//cp) where kp stands for the algebraic closure of 
kp. For a smooth group scheme G defined over O{oo}) by writing Hl^{0^oo}iG) = H/^^^^{0[ooy,G) 
we shall refer to the action of the aforementioned (total) fundamental group 7ri(C"^^) (see |SGA4[ 
VBI Corollaire 2.3] for the etale, flat and Galois cohomology sets bijections in the smooth case). 
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3. Integral schemes and etale cohomology 

Let G be an affine, flat and smooth group scheme deflned over SpecOjoo} with generic fiber 
G. For any prime p of K, the localization (O{oo})p is a base change of Op. Thus the bijection 
Spec(0|oo})p ^ Spec Op is faithfully flat (see [Liul Theorem 3.16]) and so G, extended to be 
defined over Spec Op and denoted by Op, is also smooth. Under these settings, we shall refer to the 
adelic group G(A) and to its subgroup over the ring of {oo}-integral adeles Aqo := K^o x OpT^oo ^p- 

Definition 1. The class set of G is the set of double cosets Cloo(O) := G{Aoo)\G{A)/G{K). It is 
finite (cf. [Conll Thm 1.3.1]). Its cardinality, denoted by /loo(G), is called the class number of G. 

Theorem 3.1. (Ye. Nisnevich, [Nisi Theorem 1.3.5]). There is an exact sequence of pointed sets: 
1 ^ Cloo(G) ^ ^ H\K,G) x J] H\dp,Gp). 

p^oo 

Lemma 3.2. Suppose G (being affine, flat and smooth defined over SpecO^oo}) is connected, and 
that G is almost simple, simply connected and Koo-isotropic. Then = 0. 

Proof. At any prime p, as Op is Henselian, we have W{Op,Gp) = iL*(fep,Gp) for i > 0 where 
G*P •= Gp ®gpecOp ^p (see Remark 3.11(a) in [Mill Ch. Ill, §3]). The right set for i = 1 is trivial 
by Lang’s Theorem (see [Seri Ch.VI, Prop. 5]). Furthermore, H^{K,G) is trivial in the simply 
connected case due to Harder’s result (see [Hard! Satz A]), and so Nisnevich’s sequence from 
Theorem IQ obtained for O, shows that Cloo(G) is bijective to But as G is almost 

simple, simply connected and LrcxD-isotropic, it admits the strong approximation property w.r.t. 
S = {oo} (see jPral Theorem A]), which means that Cloo(G) is trivial, and the assertion follows. □ 

Lemma 3.3. Br(0{oo}) = 1- 

Proof. As is smooth, — Br(0{oo}) classifying Azumaya Ojooj-algebras (see [Mill 

§2]). Let [D] be a class of central simple algebras in Br(iL). At any prime p, [D] is associated by the 
residue map rp with an extension of kp, representing thus a class in H^{kp,Q/h) = Hom(/cp,Q/Z) 
(the Galois action is trivial). The latter term is isomorphic to Q/Z, as the absolute Galois group 
of any finite field kp is isomorphic to Z. The ramification map a := ©prp yields then the exact 
sequence from Class Field Theory (see Theorem 6.5.1 in |GS] i: 

1 ^ Br(A:) 0 Q/Z Q/Z ^ 1 (3.1) 

P 

in which the corestriction map Corp for any p is an isomorphism induced by the Hasse-invariant 
Br(Ap) = Q/Z (cf. [GSl Proposition 6.3.9]). On the other hand, as all residue fields of K are finite 
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thus perfect, and is a one-dimensional regular scheme over Fg, it admits due to Grothendieck 
the following exact sequence (see [Grol Proposition 2.1] and [Mill Example 2.22, case (a)]): 

1 ^ Br(Fg[C'"^] = ^ Br(Fg(C"^) = K) 0 Q/Z, (3.2) 

PT^oo 

which means that Br(0{oo}) is the subgroup of Br(iir) of classes that vanish under rp at any p ^ oo. 

Por 

Thus omitting these rp, p 7 ^ oo in sequence (|3.ip . results in Br(C>{oo}) = ker[Q/Z-^ Q/Z]=l. □ 

Corollary 3.4. There is an isomorphism of abelian groups: Pic 

Proof. Etale cohomology applied on the Kummer’s exact sequence defined over SpecOjoo}: 

^ ^ tL2^ — m —m 1 

gives rise to the following long exact sequence: 

Pic (C'^f) ±1^1^ Pic (c-f) ^ ^ Br(0{^}) ^ 1 

in which Pic (C"^^)/2 = coker(0) = ff|.(C){oop/i^)- □ 

Definition 2. Let 5* be a scheme and G an 5-group. G is an S-torus of rank r if it is locally 
isomorphic in the fpqc-topology to (cf. |SGA3[ Exp. IX, Def. 1.3]). 


Lemma 3.5. Let h : S' ^ S be a finite surjective morphism of integral schemes, where S is 
Noetherian, normal and one dimensional. Then N_ := R^g)^giGjy^) is an S-torus iff h is etale. 


Proof. Under the Lemma’s hypothesis on h, it is locally free (cf. |Szal Lemma 5.2.4]). Hence the 
induced Weil restriction functor R := Rs'/si&m) exists (cf. |BLRl §7.6 Theorem 4]), and so N , 
being equal to ker[R G^] (see Ex.^9(c), p.l48 |Bouj ). is well defined. 

S' is integral thus connected. So given that h is etale over the normal scheme 5, it admits a 
Galois closure S" S that factors through it (see |Sza[ Proposition 5.3.9] and |BS[ Theorem 4’]). 
Thus the associated fundamental group T admits a subgroup Tq := Aut(5"j5') C P consisting of 
automorphisms of S" that fix S' , such that: S' ®s S" — (5")l'"/^°l (see |Sza[ Proposition 5.3.8]). 
Therefore: R< 8 )s S" = and so: 


N Gs S" ^ ker 


(plr/Fol det ^ 
^,S" ^ Mm,5" 


— (T" 


i.e. N_ is an 5-torus. 

Conversely, if h ramifies at some prime, then N_ is not reductive there (see [Vosi §10.5]). So given 
that h is locally free thus flat, it must be etale as well. 


□ 
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4. The Hasse principle and the class group of the orthogonal group 

Let <T be the scheme of invertible symmetric n x n-matrices with entries in 0{oo}- It is a 
Spec C>{c«}-scheme, and its points correspond to (non-degenerate) n-dimensional integral forms, on 
which GT„ defined over Spec 0{oo} acts by 

yg G GL„, FeX : g*F = g^Fg. 

Let / be an integral unimodular form represented by T E T. Then the orthogonal group Oy 
associated to {V, f) is the stabilizer of F. Since this action is defined over O{oo}) it is an affine 
scheme defined over Spec C>{cxd}- Its generic fiber is Oy ;= 0_y <8)SpecC>{oo} K. As 2 is a unit in 
Ojoo}, the special orthogonal group SOy is ker[det : Oy where := SpecO{oo}[x]/(x^ — 1) 

(see Definition 1.6 and Corollary 2.5 in [Con2] L For the same reason (2 is a unit in Ci{oo})) Op 
is smooth regardless of the parity of n, and SO y is a smooth closed subgroup with connected 
fibers f |Con2[ Theorem 1.7]). If n is even, then Oy is a semidirect product of SO y and (see 
Corollary 2.5 and Remark 2.6 in [Con2] L and it is a direct product of these if n is odd (cf. |Con2[ 
Proposition 3.4]). 

Definition 3. Two integral forms share the same genus if they are isomorphic over K and over 
Op for all primes p. We denote by gen(/) the set of all integral forms of the same genus as /. 

Definition 4. Given an integral form /, let c(/) denote the number of O{oo}'isomorphism classes 
in gen(/). We say that the Hasse principle holds for / if c(/) = 1. 

Platonov and Rapinchuk have shown in [PRl Prop. 8.4] - in the number field case - that c(/) 
equals the class number of its orthogonal group. In the following, we shall sketch briefly their proof, 
this time in the function field case: 

We consider the above Ojooj-scheme GL „ (in which Oy is embedded), its subgroup SL„ and 
their extensions defined over Op at any prime p (see Section m while referring to their adelic 
groups. Any element of Oy(A) can be put in SL„(A) by multiplying by a suitable element of 
GT<„(Aoo). Since the iL-group SL„ is split, simple and simply connected, it admits the strong 
approximation property whence SL„(A) = SL„(Aoo)SL„(iL) (cf. [Pral Theorem A]). It follows that 
Oy(A) C GT„(Aoo)GL.„(iL). Now according to the Stabilizer Formula [PRI Theorem 8.2], c(/) is 
equal to the number of double cosets Oy(Aoo) • x-Oy{K) in the principal coset GL^ (An^)GLn (K) 
which is /loo(Oy). 


Corollary 4.1. c(/) = hoo{0_y). 
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Proposition 4.2. There is a bijection of finite pointed sets: C\oo{Qy) = H\ti^{oo}^SOy). 

Proof. Being affine, flat and smooth, Oy admits by the Nisnevich’s Theorem 13 .1 1 the exact sequence 
of pointed sets: 

l^Cloo{Qv)^Hi{0^^y,0y)^H\K,0v)x n H\d„{Oy)p). (4.1) 

PT^oo 

Let W{*) denote the Witt ring for the ring *. By Witt’s Theorem, two forms are isomorphic 
if and only if they belong to the same Witt class and have the same rank (see [MHl Cor. 3.3]), 
whence HlfiOp, (Oy)p) injects into W{Op) and (Oy)p) into W{Kp). Since Kp is complete, 

W{Op) = W{kp) injects into W{Kp) and we obtain the following commutative diagram: 

HlfiOp, {Oy)p) -- H\kp, {Oy)p) 

P 

w{dpfi -- wikp) 

which shows that H^{Op, (Oy)p) embeds into H^{Kp, (Oy)p) for any p. Then due to Corollary 3.6 
in |Nisj . sequence (|4.1I) simplifies to: 

1 ^ Cloo(Ov.) ^ ^it(0{oo},0p ^ H\K,Ov). (4.2) 

As is assumed to be smooth, SpecOjco} = SpecFq[C'®'^] is a normal scheme, i.e. it is integrally 
closed locally everywhere. In this case any finite etale covering of C'®'^ arises by the normalization of 
SpecOjco} in some separable unramifled extension of K (see [Lenl Theorem 6.13]). Thus any non¬ 
trivial 1-cocycle in /r^) remains non-trivial after tensoring with K, i.e. is 

embedded in its generic fiber. Hence, being a direct or semidirect summand in 0_y (see at the 
beginning of this section), can be canceled in sequence (|4.2D . leading to: 

Cloo(Oy) ^ ker[Hit(0{oo},^Y) ^ H\K, SOy)]. 

The situation for SO y is simpler: having (smooth) connected fibers, Hl^{Op, (SOy)p) vanishes for 
all primes p (by Lang’s Lemma), thus not only admitting again due to Corollary 3.6 in [Nisj the 
exact sequence: 

1 ^ Cloo(^y) ^ ^ H\K, SOv), (4.3) 

which shows that Cloo(Oy) = Cloo(SOy), but can be simplfied even more to (cf. [Nisi 1.3.5.2] and 
[Gonll Theorem 3.4]): 


1 ^ Cloo( SO y) —)• SO y) — ^ j(iL, SOy) — ^ 1 
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in which the right term is the hrst Tate-Shafarevich group w.r.t. { 00 }, namely: 


UI{oo}(^>SOy) := ker 


H\K, SOv)^ n {SOv)p) 


p^oo 

The pointed set H^{K, SOy) properly (i.e. by det = 1 isomorphisms) classihes itT-forms isomorphic 
to / over some finite Galois extensions of K, therefore sharing all the same rank and discriminant. 
So according to the Hasse-Minkowsky principle (cf. [Laml VI.3.1]), these forms are classified via 
their Hasse-invariant locally everywhere. But as the base point / is unimodular, representatives 
of any class in H^{K, SOy) are 0{oo}-regular as well, thus their local Hasse-invariants belong to 
Br(C){c>o})) being trivial by Lemma [3^ This means that Cloo(SOy) surjects on SO y). 

On the other hand, Cloo(SOy) is bijective to the first Nisnevich’s cohomology set SO y) 

(cf. [Niil I. Theorem 2.8] and [Mori 4.1]), classifying SO y-torsors in the Nisnevich’s topology. But 
Nisnevich’s covers are etale, so it is a subset of SO y). and the assertion follows. □ 


In particular. Proposition 14.21 plus Corollary 14.11 yield: 


Corollary 4.3. The Hasse prineiple holds for an integral unimodular form iff SO y) = 0. 

For rank n > 2, we consider the following construction (see in [Basl §2]): 

Let C(/) be the Clifford algebra associated to /. It is a Z 2 -graded algebra. The linear map v —v 
on V extends to an algebra automorphism a : C(/) —>• C(/) (acting as the identity on the even 
part and negation on the odd part). The Clifford group associated to {V, f) is 

CL(/) := {u G C{f)^ : a{u)vu-^ G 14 Vu G V}. 

The identity map on V (viewed as its inclusion in the opposite algebra of C(/)) extends to an anti¬ 
automorphism of C(/) which we denote by t. The composition aot mapping v v gives rise to the 
norm N : CL(/) —>• '■ v vv (for u G 14 it is just N{v) = —= —f{v,v)). We dehne 

Piny(0{oo}) := ker(N’). This group admits an underlying group scheme over SpecOjoo} which we 
denote by Piny. The homomorphism vr : Pin y —Oy sending v to the isometry stabilizing it, is 
a double covering, yielding the following short exact sequence of O{oo}-gi’oup schemes: 

^ ^ [£ 2 ^ ®Pi£y ^ SO y 1 (4.4) 

where Spin^ := vr’ C Pin y. 

Proposition 4.4. Let (14,/) be an integral unimodular space of rank n > 2. Then Cloo{Oy) is 
bijective as a pointed set to T 2 ) (being isomorphic to Pic (C'“-^)/2/ 
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Proof. The schemes in sequence (14.41] are smooth, whence etale cohomology yields the exact se¬ 
quence of pointed sets: 

SpinJ ^ A (4.5) 

in which since Ojoo} is of Douai type - see Definition 5.2 and Example 5.4(iii) in [Gon2j - and as 
SO y = Spin^ while: Z(Spin^) = (5 is surjective. Furthermore, Spin^ is affine, smooth and 

connected, and its generic fiber is simple, simply connected. As det(/) G , the generic fiber of 
{V, f) admits a regular model over Ooo (see [UMei 92:1]). Its reduction at oo remains regular of 
dimension n > 3 over the finite field feoo thus isotropic (^ |OMe[ 62:1b]). Then its lift back to Ooo 
is again isotropic due to Hensel’s Lemma (see [EKM[ III. Lemma 19.4]), as well as Spiny over 
Koo- Hence Spin^) is trivial by Lemma [3.21 which means due to the exactness that 

ker((5) = {0}. This does not imply yet that 5 is injective, since SO y is non-commutative for n > 2, 
whence SOy) has no reason to be a group. In order to deduce the injectivity of 6, we 

consider the following diagram induced by some non-trivial SO y-torsor P, as described in [Girl 
Cha. IV, Proposition 4.3.4]: 

Hit(0{oo},^y) ^-^i(0{oo},^2) 



in which the map 6' is the one obtained by applying etale cohomology on the short exact sequence 
(14.41) while replacing SO y by the twisted group scheme ^SOy = SO(py) , Op is the induced twisting 
bijection, and r is the translation by —6{P). According to |Girl Cha. IV, Proposition 4.3.4(i),(ii)] 
this diagram is commutative and there is a bijection: 

{x € : 5(x) = 5{P)} - ker(5). 

But as shown above, in our case ker((5) is trivial, implying that 6 is injective and eventually is a 
bijection. Due to Proposition 14.21 Cloo(Oy) is bijective as a pointed set to SO y), and 

therefore is bijective as a pointed set to as well. The rest is Corollary 13.41 □ 

Theorem 4.5. Let f be a unimodular form of rank n defined over ¥q[CA- 
The Plasse principle holds for f: 

for n = 2 if the integral closure of¥q[CA in the splitting field of SOy is a UFD, and: 
for n > 2 if and only if \Pic {CA\ is odd. 

Proof. For rank 2, SOy is a one dimensional norm O|oo}-torus. This derives from being one 
dimensional and smooth, and from the connectivity of the fibers (see at the beginning of this 
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section). According to Lemma 13.51 such one dimensional norm 0{oo}-tori arise from quadratic 
etale extensions, hence are being classified by If Ojoo} is a UFD, the Kummer 

sequence defined over SpecOjoo} implies that (2 G ^^cxd}’ h^ace the scheme Z/2Z is isomorphic to 
^2 over SpecC){oo}): 

iLit(0{oo},Z/2Z) - 

This means that given that Ojoo} i® a UFD, any quadratic extension of it, producing a one dimen¬ 
sional norm 0|ooj.-torus, arises from a quadratic extension of ¥q (recall that char(iL) ^ 2, hence 
the quadratic Artin-Schreier extensions are not to be considered here). Now if SOy splits over 
C’{oo}> then = Pic = 0 as is a UFD. Otherwise, it 

fits into an exact sequence of O{oo}-tori: 

1 SOy R:= 1 (4-6) 

in which C)'^oo} assumed to be a UFD. As SOy := SO y ®SpecC>{oo} i® connected, by Lang’s 
Lemma Lf^(Fq,SOy) = Fg/Nr(F^ 2 ) = 1- But F^j U = i?(Cl{oo})) which means that 

fi(0{oo}) —>■ F^ is surjective. Moreover, by Shapiro’s Lemma LlJ^t(0{oo},i?) — (^{oo}’ —m,c>) j) ~ 

Pic (Ojoo}) being trivial by the assumption. Thus applying etale cohomology on sequence (14.61) 
implies that SO y) vanishes as well, and the assertion follows from Corollary 14.31 

For higher ranks, this is just Proposition 14.41 plus Corollary 13.41 □ 

Example 4.6. Let C be of genus zero having a Fg-rational point which we assign as oo. Then 
^{oo} = is a UFD, as well as any scalar extension of it (see [Sami Theorem 5.1]), whose 

generic fiber may be the splitting field if re = 2 of SOy (see in the proof of Theorem [53]). Therefore 
the Hasse principle holds for any unimodular form defined over it of any rank. So Theorem 14.51 is 
a generalization of Theorem 3.1 in [Gerlj in which the elementary case of O{oo} = is treated. 

Remark 4.7. The unimodularity condition is essential (though not necessary) for the validity of 
the Hasse principle even if O^^o} is a UFD. It is necessary for the Clifford algebra construction if 
re > 2, but is also required for rank 2. 

For example, let C be the projective line over Fg and oo = (1/x). Then O{oo} = is a UFD. 
Let / and g be the Ojooj-forms represented by T = diag((l—x^)^, 1) and G = diag((l—x)^, (1+x)^), 
respectively. Let 

i+^)^GL2 (ap) vp/(i+x) 

and 

%) GGL 2 (Op) Vp^(l-x). 
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Then Q^FQ = P^FP = G. This shows that / and g belong to the same genus. But they are not, 
however, isomorphic over Ojoo}; since mapping the eigenvalue (1 — in T to (1 — x)^ or (1 + x)^ 
in G can be done only by dividing by a non-constant element, which is not allowed in O{oo} = Fg[ 2 ;]- 

Example 4.8. Let G be an elliptic Fg-curve and suppose oo is Fg-rational (such one must exist). 
The restriction of G to G^^ gives rise to an exact sequence (see |Hart[ Cha.II, Prop. 6 .5(c)]): 

0 ^ Z ^ Pic (C) ^ Pic (C'^f) ^ 0 

in which the first map 1 i—)• 1 • {oo} is injective because the degree of a curve’s divisor is well defined. 
As we assumed oo is Fg-rational, this sequence splits as abelian groups. The degree map on Pic (C) 
yields another exact sequence which again splits as abelian groups: 

0 ^ Pic °(C) ^ Pic (C) ^ Z ^ 0. 

We get an isomorphism of summands Pic ^{G) = Pic (C®"^). Together with another isomorphism 
of abelian groups: C'(Fg) = Pic ^{C)]P i—)• [P] — [oo] we may deduce that: 

C(Fg) ^ Pic (4.7) 

Hence according to Theorem 14.51 any unimodular form / of rank > 3 defined over Spec O{oo} 
admits the Hasse principle if and only if there is no element of order 2 in C(Fq). For example, 
suppose q > 3 and oo = (0 : 1 : 0) E C'(Fg) is removed, so the remaining (non-singular) affine curve 
^af -g gjygj^ affine coordinates by the Weierstrass form 

y‘^ = + ax + b for some a, 6 E Fg. 

Then / admits the Hasse principle if and only if C'®'^ does not have any Fg-point on the x-axis. 

Corollary 4.9. Let G be an elliptic ¥q-curve and suppose oo E C'(Fg). Then for any integral 
unimodular form f of any rank n> 2 one has c(/) = |C'(Fg)/2|. 

Lemma 4.10. Let G be an elliptic ¥q-curve. Suppose that —1 E (Fg )^ and oo E C(Fg). Then 

C(l2) = |C(Fg)|. 

Proof. The orthogonal group scheme over SpecOjoo} of I 2 is O 2 . Consider the exact sequence of 
smooth 0 |oo}.-schemes (recall that char(iL) is odd): 

1 -)• SOo —> 02 —)• Mo —^ 1- 

As —1 E (Fg )^, the one dimensional torus SO o is split, and so SOo ) = Pic (C®"^). 

Then due to isomorphism (14.711 . C'(Fg) = SOo ). classifying according to Proposition 

14.21 the integral forms in gen(l 2 ). According to Hilbert 90 Theorem, this set is also equal to 
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ker[ffJ^(0{oo}, SO 2 ) —)• H^{K, SO 2 )], so the geometric interpretation of this result is that non¬ 
trivial principal SO o-bundles. which are in this case non-trivial line bundles of become trivial 
while tensoring with K. This causes the failure of the Hasse principle. □ 

Remark 4.11. Lemma 14.101 with isomorphism ()4.7I) show that the UFD condition for 0{oo} is 
essential for the validity of the Hasse principle in case of rank 2, even for unimodular forms as I 2 . 
Moreover, even if 0{oo} is a UFD, it is still essential to assume for n = 2 that the integer closure 
of 0{oo} in the splitting field of SOy is a UFD as well. 

For example, the elliptic curve C := {ZY^ = — XZ^ — Z^} defined over F 3 (in which —1 

is not a square) has a single Fs-rational point (0:1; 0). Suppose we choose it to be 00 . Then 
= {y^ = — X — 1} and 0{oo} = F3(C'’^0 is a UFD (by (l4.7p L But the extension by 

i = y/—l, being the integer closure of O{oo} in the splitting field of SO 2 , gives rise to more rational 
points of C like (—1 : i : 1). Thus as Pic (0{oo}) = 0, etale cohomology applied on sequence 
()4.6I) implies the bijection of the non-trivial sets: SOo ) = Pic (see in the proof 

of Theorem 14.51) . which shows according to Corollary 14.31 that the Hasse principle fails for the 
C){oo}-form I 2 . 

Example 4.12. Let C = {Y'^Z = X^ + XZ"^} defined over F 5 . Then: 

C(F5) = {(0 : 0 : 1), (1 : 0 : 2), (1 : 0 : 3), (0 : 1 : 0)} ^ Z/4Z. 

Removing 00 = (0 : 1 : 0), we get the affine elliptic curve: 

= x^ + x} with: = ¥ 5 [x,y]/{y'^ - x^ - x). 

According to Lemma [4.101 we have four O|ooj-isomorphism classes in gen(l 2 ). The key obstruction 
here for finding explicit integral forms from the same genus of I 2 which are not O|oo}-isomorphic 
to it, is using the fact that Ojoo} is not a UFD in such a way that there exist distinct isomorphisms 
to I 2 , defined over integer rings at distinct places. 

Explicitly, the affine supports of the points in C'(F 5 ) are: 

{(0,0), (1/2,0) = (3,0), (1/3,0) = (2,0), 00 }. 

Each one of the first three points corresponds to an intersection between (y) and another prime: 

(0,0) o (y) n (x), (3,0) o (y) n (x - 3), (2,0) o (y) n (x - 2) 
while 00 is associated to the all affine curve For any t £ {l,x,x-|-2,x — 2}, the matrix 



l + 3t 2-1 
3 + t 1 3t 
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with det(P(f)) = 2t is invertible in C'®'^ — {t} (in all if t = 1 ), giving rise to the integral form 
represented by 

G. = ^’5T«) = (o 2i)' 

On the other hand, using the relation (which is due to the fact that —1 G (F^ )^): 

= x{x + 2){x — 2 ) 

one may define the matrices: 

^ __ y _ ( x-i x + i\ _ y ( x-l x + 3 \ 

~ {x- 2){x + 2 ) V + 1) x-l ) ' ^(*- 2 ) “ x(x + 2 ) V X + 3 -{x - 1) J 

^ _ y f x + i x + 2 ^ 

“ x(x- 2 ) V ^ + 2 -{x + l) J 

satisfying each = Gt as well, and being invertible at the remaining place (t). 

We get four non-equivalent 1-cocycles, since det{Gt^)/ det{Gt 2 ) = G/t^ is not invertible over 
G{oo} for / ^ 2 - The generic fibers of these cocycles are trivial, since both and (^(t) are 

well dehned over K for any t, and the transition maps rire trivial. The four 

corresponding non-isomorphic integral forms in gen(l 2 ) are those represented by {Gj}. 

For n > 2, however, any unimodular form / defined over this domain F 5 [C"^^] will admit according 
to Corollary 14.91 only |C(Fq)/2| = 2 classes in the genus of /. 


References 

[SGA4] M. Artin, A. Grothendieck, J.-L. Verdier, Theorie des Topos et Cohomologie Etale des Schemas (SGA 4) 
LNM, Springer, 1972/1973. 

[Bas] H. Bass, Clijford algebras and spinor norms over a commutative ring, Amer. J. Math., 96, 1974, 156-206. 

[BS] M. Bhargava, M. Satriano, On a notion of Galois closure for extensions of rings, J. Eur. Math. Soc. 16, 

Issue 9, 2014, 1881-1913. 

[BLR] S. Bosch, W. Liitkebohmert, and M. Raynaud, Neron models. Springer-Verlag, Berlin, 1990. 

[Bou] N. Bourbaki, Elements of Mathematics, Commutative Algebra, Hermann, Paris, 1972. 

[Coni] B. Conrad, Finiteness theorems for algebraic groups over function fields. Compos. Math. 148, 2012, no. 2, 
555-639. 

[Con2] B. Conrad, Math 252. Properties of orthogonal groups, 

http: / / math.stanford.edu/~conrad/252Page/handouts/O (q) .pdf 

[SGA3] M. Demazure, A. Grothendieck, Seminaire de Geometrie Algebrique du Bois Marie - 1962-64 - Schemas 
en groupes. Tome II, Reedition de SGA3, P. Gille, P. Polo, 2011. 

[EKM] R. Elman, N. Karpenko, A. Merkurjev, The Algebraic and Geometric Theory of Quadratic Forms, Collo¬ 
quium Publications, 56, 2008. 

[Gerl] L. J. Gerstein, Unimodular quadratic forms over global function fields, J. Number Theory 11, 1979, 529-541. 

[Ger2] L. J. Gerstein, Basic Quadratic Forms, Graduate Studies in Mathematics, Amer. Math. Soc. 90, 2008. 

[GS] P. Gille, T. Szamueli, Central simple algebra and Galois cohomology, Cambridge studies in adv. math. 101, 
2006. 

[Gir] J. Giraud, Cohomologie non abelienne, Grundlehren math. Wiss., Springer-Verlag Berlin Heidelberg New 
York, 1971. 

[Gonl] C. D. Gonzalez-Aviles, Abelian class groups of reductive group schemes, Israel Journal of Matheatics, 196, 
2013, 175-214. 






The Hasse principle in integral forms 


13 


[Gon2] C. D. Gonzalez-Aviles, Quasi-abelian crossed modules and nonabelian cohomology, Journal of Algebra 369, 
2012, 235-255. 

[Gro] A. Grothendieck, Le groupe de Brauer III: Exemples et complements, Dix Exposes sur la Cohomologie des 
Schemas, North-Holland, Amsterdam, 1968, 88-188. 

[SGAl] A. Grothendieck, M. Raynaud, Revetements Etales et Groupe Eondamental, 1960-1961, Lect. Notes Math. 
224, Springer, Heidelberg, 1971. 

[Hard] G. Harder, Uber die Galoiskohomologie halbeinfacher algebraischer Gruppen, HI, J. Reine Angew. Math. 
274/275, 1975, 125-138. 

[Hart] R. Hartshorne, Algebraic Geometry, Springer, 1977. 

[Lam] T. Y. Lam, Introduction to quadratic forms over fields, Graduate Studies in Math., Amer. Math. Soc. 67, 
Amer. J. Math. 78 (1956), 555-563. 

[Len] H. W. Lenstra, Galois theory for schemes, http://websites.math.leidenuniv.nl/algebra/GSchemes.pdf 

[Liu] Q. Liu, Algebraic Geometry and Arithmetic Curves, Oxford University Press, 2002. 

[Mil] J. S. Milne, Etale Cohomology, Princeton University Press, Princeton, 1980. 

[MH] J. Milnor, D. Husemoller, Symmetric Bilinear Forms, Springer-Verlag, Berlin, Heidelberg, New York, 1973. 

[Mor] M. Morishita, On S-class number relations of algebraic tori in Galois extensions of global fields, Nagoya 
Math. J. 124, 1991, 133-144. 

[Nis] Y. Nisnevich, Etale Cohomology and Arithmetic of Semisimple Groups, PhD thesis, Harvard University, 
1982. 

[OMe] 0. T. O’Meara, Introduction to Quadratic Forms, Springer-Verlag, New York Berlin, 1971. 

[PR] V. Platonov, A. Rapinchuk, Algebraic Groups and Number Theory, Academic Press, San Diego 1994. 

[Pra] G. Prasad, Strong approximation for semi-simple groups over function fields, Ann. of Math. 105, 1977, 

553-572. 

[Sam] P. Samuel, On unique factorization domains, Illinois J. Math. 5, 1961, 1-17. 

[Ser] J.-P. Serre, Algebraic Groups and Class Fields, Springer, Berlin, 1988. 

[Sza] T. Szamuely, Galois groups and fundamental groups, Gambridge Studies in Advanced Mathematics, 117, 
Gambridge University Press, Gambridge, 2009. 

[Vos] V. E. Voskresenskii, Algebraic Groups and Their Birational Invariants, Translations of Mathematical Mono¬ 
graphs 179, American Mathematical Society, Providence RI, 1998. 



